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Upper bounds on the secret-key-agreement capacity of a quantum channel serve as a way to assess
the performance of practical quantum-key-distribution protocols conducted over that channel. In
particular, if a protocol employs a quantum repeater, achieving secret-key rates exceeding these
upper bounds is a witness to having a working quantum repeater. In this paper, we extend a recent
advance [Liuzzo-Scorpo et al., Phys. Rev. Lett. 119, 120503 (2017)] in the theory of the teleportation
simulation of single-mode phase-insensitive Gaussian channels such that it now applies to the relative
entropy of entanglement measure. As a consequence of this extension, we find tighter upper bounds
on the non-asymptotic secret-key-agreement capacity of the lossy thermal bosonic channel than
were previously known. The lossy thermal bosonic channel serves as a more realistic model of
communication than the pure-loss bosonic channel, because it can model the effects of eavesdropper
tampering and imperfect detectors. An implication of our result is that the previously known upper
bounds on the secret-key-agreement capacity of the thermal channel are too pessimistic for the
practical finite-size regime in which the channel is used a finite number of times, and so it should
now be somewhat easier to witness a working quantum repeater when using secret-key-agreement
capacity upper bounds as a benchmark.

I.

INTRODUCTION

One of the main goals of quantum information theory [1–3] is to establish bounds on communication rates
for various information-processing tasks. An important
application lies in the domain of secret communication,
following the development of quantum key distribution
[4, 5]. In recent years, there has been a growing interest
in establishing bounds on the secret-key-agreement capacity of a quantum channel, which is the highest rate
at which communicating parties can use the channel and
public classical communication to distill a secret key [6–
18]. Such bounds have been proven by exploiting the
methods of quantum information theory and can be interpreted as setting the fundamental limitations of quantum key distribution whenever a quantum repeater is not
available [19].
An important development occurred in [7], in which
it was established that there is a fundamental rate-loss
trade-off that any repeaterless quantum key distribution
protocol cannot overcome. That is, without a quantum
repeater, the rate of secret key that can be distilled from
a pure-loss bosonic channel (lossy optical fiber or a freespace channel) decreases exponentially with increasing
distance [7].
Later, this bound was improved to establish that
the secret-key-agreement capacity of a pure-loss bosonic
channel of transmissivity η ∈ (0, 1) is equal to − log2 (1 −
η). This bound was claimed in [9] and rigorously proven
in [13]. In particular, let PL↔η (n, ε) denote the highest rate
at which ε-close-to-ideal secret key can be distilled by
making n invocations of a pure-loss channel Lη of transmissivity η, along with the assistance of public classical

communication [13]. In [13], PL↔η (n, ε) is called the nonasymptotic secret-key-agreement capacity of the channel
Lη . One of the results of [13] is the following fundamental
upper bound:
PL↔η (n, ε) ≤ − log2 (1 − η) +

C(ε)
,
n

(1)

where C(ε) = log2 6 + 2 log2 ([1 + ε] / [1 − ε]). The bound
in (1) is known as a strong converse bound because it converges to the secret-key-agreement capacity − log2 (1 − η)
in the limit as n → ∞. We suspect that there is little
room for improvement of the bound in (1) and discuss
this point further in Appendix A. The bound in (1) is to
be contrasted with the following weak-converse bound:


1
h2 (ε)
PL↔η (n, ε) ≤
− log2 (1 − η) +
,
(2)
1−ε
n
which follows as a direct consequence of [13, Section 8]
and [20, Eq. (2)] (see also [21, Eq. (134)]). For the benefit
of the reader, we explain how to arrive at this weakconverse bound in more detail in Appendix B. In the
above,
h2 (ε) = −ε log2 ε − (1 − ε) log2 (1 − ε)

(3)

denotes the binary entropy. The bound in (2) is a weakconverse bound because it requires the extra limit as
ε → 0 after taking the limit as n → ∞, in order to arrive
at the capacity upper bound of − log2 (1 − η). The significance of the bounds in (1) and (2) is that they apply
for any finite number n of channel uses and key-quality
parameter ε. As such, these bounds can be used to assess
the performance of any practical secret-key-agreement
protocol conducted over a pure-loss channel Lη .
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The pure-loss channel is somewhat of an ideal model
for a communication channel, even if it does have a strong
physical underpinning in the context of free-space communication [22, 23]. In particular, a working assumption
of the model is that the channel input interacts with an
environment prepared in the vacuum state. However,
in practical setups, we might expect the environment to
be modeled as a thermal state of a fixed mean photon
number NB > 0 [23], and in such a case, the channel
is called a thermal channel and denoted by Lη,NB (also
called thermal-lossy channel, as in [17]). This added thermal noise is often called excess noise [24, 25], which can
serve as a simple model of tampering by an eavesdropper.
Additionally, there are realistic effects in communication
schemes, such as dark counts of photon detectors that
can be modeled as arising from thermal photons in the
environment [17, 23]. As such, it is an important goal
to establish upper bounds on the secret-key-agreement
capacity of the thermal channel in order to assess the
performance of practical secret-key-agreement protocols,
and the main contribution of the present paper is to establish upper bounds on the non-asymptotic secret-keyagreement capacity PL↔η,N (n, ε) of the thermal channel
B
Lη,NB , which improve upon the prior known bounds from
[9, 13] in certain regimes.
Prior works established that
− log2 ([1 − η] η NB ) − g(NB )

(4)

is an upper bound on the secret-key-agreement capacity
of a thermal channel Lη,NB with transmissivity η ∈ (0, 1)
and thermal mean photon number NB > 0. This bound
was claimed in [9] and rigorously proven in [13]. In this
expression,
g(NB ) = (NB + 1) log2 (NB + 1) − NB log2 NB

(5)

is the entropy of a thermal state of mean photon number NB . In particular, the following bound was given in
[13, Section 8]
PL↔η,N (n, ε) ≤ − log2 ([1 − η] η NB ) − g(NB )
B
s
2Vη,NB
C(ε)
+
+
, (6)
n (1 − ε)
n
where
Vη,NB = NB (NB + 1) log22 (η [NB + 1] /NB ),

(7)

and the following weak-converse bound is a direct consequence of [13, Section 8] and [20, 21] (explained also in
Appendix B):
PL↔η,N (n, ε) ≤
B


1
h2 (ε)
NB
− log2 ([1 − η] η ) − g(NB ) +
. (8)
1−ε
n

Again, the value of these bounds is that they apply for
any finite number n of channel uses and key-quality parameter √
ε. However, by inspecting (6), we see that the
order 1/ n and lower terms are strictly positive.
The main contribution of the present paper is to im√
prove the bound in (6) in such a way that the order 1/ n
term is negative whenever ε < 1/2, representing the backoff from capacity incurred by using the channel a finite
number of times while allowing for non-zero error. In
fact, we find the following improved bound for several
realistic values of η and NB :
PL↔η,N (n, ε) ≤ − log2 ([1 − η] η NB ) − g(NB )
B
s
0
Vη,N
O(log n)
B
+
Φ−1 (ε) +
, (9)
n
n
0
where Vη,N
is a channel-dependent parameter that we
B
discuss later and Φ−1 denotes the inverse of the cumulative normal distribution function (see (41)), for which
we have that Φ−1 (ε) < 0 whenever ε < 1/2. We should
note that the bound in (9) applies only for n sufficiently
large (such that n is proportional to 1/ε2 ), as it relies
on the Berry–Esseen theorem [27, 28], but many prior
works have shown that first- and second-order terms like
the above one serve as an excellent approximation for
non-asymptotic capacities even for small n [21, 29–32].
The main new tool that we use to establish this result,
beyond those used and introduced in [13], is a recent
development in [26] regarding teleportation simulation
of single-mode phase-insensitive bosonic channels using
finite-energy resource states. Figure 1 plots this bound
for several realistic values of the distance L (related to
transmissivity η) and thermal mean photon number NB ,
and we point to Section IV for a more detailed discussion
of these figures.
In the prior work [13], it was not possible to establish
a result of the form in (9) because the limiting resource
state used for teleportation was an ideal, infinite-energy
state. Thus, it was not clear how to invoke the BerryEsseen theorem then because it was not clear how to
prove that the quantity T (ρkσ) (discussed later in (39))
is finite in such a case. However, now that the resource
state can be a finite-energy state (due to the results of
[26]), it is possible to establish that the quantity T (ρkσ)
is finite in such a case, and this is what is accomplished
and discussed in Appendix D.
In the remainder of the paper, we argue how to arrive
at the bound in (9). We first review the formalism of
quantum Gaussian states and channels [33, 34], and we
also review information quantities needed, such as quantum relative entropy and relative entropy variance. We
then review the critical tool of teleportation simulation
of a quantum channel [35–39] and how it can be used
with [13, Eq. (4.34)] and ideas from [26] in order to arrive at (9). We finally close with a summary and some
open questions.
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II.
A.

PRELIMINARIES

Quantum Gaussian states and channels

The main class of quantum states in which we are
interested in this paper are quantum Gaussian states
[33, 34]. In our brief review, we consider m-mode Gaussian states, where m is some fixed positive integer. Let
x̂j denote each quadrature operator (2m of them for an
m-mode state), and let x̂ ≡ [q̂1 , . . . , q̂m , p̂1 , . . . , p̂m ] ≡
[x̂1 , . . . , x̂2m ] denote the vector of quadrature operators, so that the first m entries correspond to positionquadrature operators and the last m to momentumquadrature operators. The quadrature operators satisfy
the following commutation relations:


0 1
[x̂j , x̂k ] = iΩj,k , where Ω =
⊗ Im , (10)
−1 0
and Im is the m × m identity matrix.
√ We also take the
annihilation operator â = (q̂ + ip̂) / 2. Let ρ be a Gausρ
sian state, with the mean-vector entries hx̂j i = µρj , and
ρ
let µ denote the mean vector. The entries of the covariance matrix V ρ of ρ are given by

ρ
ρ
Vj,k
≡ x̂j − µρj , x̂k − µρk
.
(11)
A 2m × 2m matrix S is symplectic if it preserves the
symplectic form: SΩS T = Ω. According to Williamson’s
theorem [40], there is a diagonalization of the covariance
matrix V ρ of the form,
T

V ρ = S ρ (Dρ ⊕ Dρ ) (S ρ ) ,

(12)

where S ρ is a symplectic matrix and Dρ ≡
diag(ν1 , . . . , νm ) is a diagonal matrix of symplectic eigenvalues such that νi ≥ 1 for all i ∈ {1, . . . , m}. We say
that a quantum Gaussian state is faithful if all of its symplectic eigenvalues are strictly greater than one (this also
means that the state is positive definite). We can write
the density operator ρ of a faithful state in the following
exponential form [41–43] (see also [1, 34]):


1
ρ = (Z ρ )−1/2 exp − (x̂ − µρ )T Gρ (x̂ − µρ ) ,
(13)
2
with Z ρ ≡ det([V ρ + iΩ] /2)
(14)
⊕2

T

and Gρ ≡ −2ΩS ρ [arcoth(Dρ )] (S ρ ) Ω,
(15)


x+1
where arcoth(x) ≡ 12 ln x−1
with domain (−∞, −1) ∪

A two-mode Gaussian state ρ with covariance matrix
in “standard form” has a covariance matrix as follows
[44, 45]:

 

a c
a −c
ρ
V =
⊕
.
(17)
c b
−c b
The symplectic diagonalization of the covariance matrix V simplifies as well [46]:
V = S (D ⊕ D) S T ,

(18)

where
S = (I2 ⊕ σZ ) S0⊕2 (I2 ⊕ σZ ) ,
s


√
a+b± y
ω+ ω−
S0 =
,
ω± =
,
√
ω− ω+
2 y


√
ν
0
D= −
,
ν± = [ y ± (b − a)] /2,
0 ν+
2

y = (a + b) − 4c2 ,

(19)
(20)
(21)
(22)

and σZ denotes the standard Pauli Z matrix. Given a
two-mode state with covariance matrix in standard form
as in (17), it is a separable state if and only if
p
c ≤ csep ≡ (a − 1) (b − 1),
(23)
which can be determined from the condition given in [47,
Eq. (14)]. We return to this condition when we discuss
the relative entropy of entanglement for quantum Gaussian states.
A quantum Gaussian channel is one that preserves
Gaussian states [33, 34, 48]. The action of a quantum
Gaussian channel on an input state ρ is characterized by
two matrices X and Y , which transform the covariance
matrix V ρ of ρ as follows:
V ρ → XV ρ X T + Y,

(24)

where X T is the transpose of the matrix X. In this formalism, the thermal channel Lη,NB with transmissivity
η ∈ (0, 1) and thermal mean photon number NB > 0 is
given by
√
X = ηI2 ,
Y = (1 − η)(2NB + 1)I2 ,
(25)
where I2 is the 2 × 2 identity matrix. Our principal focus
in this paper is on the thermal channel.

(1, +∞). Note that we can also write
Gρ = 2iΩ arcoth(iV ρ Ω),

(16)

so that Gρ is represented directly in terms of the covariance matrix V ρ . Faithfulness of Gaussian states is required to ensure that Gρ is non-singular. By inspection,
the G and V matrices are symmetric. In what follows, we
adopt the same notation for quantities associated with a
density operator σ, such as µσ , V σ , S σ , Dσ , Z σ , and Gσ .

B.

Teleportation simulation and reduction by
teleportation

Teleportation simulation of a channel [35–39] is a key
tool used to establish the upper bounds in (1), (2), (6),
and (8). The basic idea behind this tool is that channels with sufficient symmetry can be simulated by the
action of a teleportation protocol [49–51] on a resource
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state ωAB shared between the sender A and receiver B.
More generally, a channel NA0 →B with input system A0
and output system B is defined to be teleportation simulable with associated resource state ωAB if the following
equality holds for all input states ρA0 [36, Eq. (11)]:

on an input state, as in (24). In what follows and as
in [26], we exclusively consider the case when τ ≥ 0.
In order for the map to be a completely positive, tracepreserving map (i.e., a legitimate quantum channel), the
following inequality should hold [34]

NA0 →B (ρA0 ) = TA0 AB (ρA0 ⊗ ωAB ),

y ≥ |1 − τ | .

(26)

where TA0 AB is a quantum channel consisting of local operations and classical communication between the sender,
who has systems A0 and A, and the receiver, who has
system B (TA0 AB can also be considered a generalized
teleportation protocol, as in [51]). The implication of
channel simulation via teleportation is that the performance of a general protocol that uses the channel n times,
with each use interleaved by local operations and classical communication (LOCC), can be bounded from above
by the performance of a protocol with a much simpler
form: the simplified protocol consists of a single round
of LOCC acting on n copies of ωAB [35, 38, 39]. This
is called reduction by teleportation. Of course, a secretkey-agreement protocol is one particular kind of protocol
of the above form, as considered in [9, 13], and so the
general reduction method of [35, 38, 39] applies.
For continuous-variable bosonic systems, the teleportation simulation of a single-mode bosonic Gaussian channels was considered in [38], and the simulation therein
only simulates the channel exactly in the limit in which
the resource state is the result of transmitting one share
of an infinitely-squeezed, two-mode squeezed vacuum
state [34] through the channel (this resource state is
sometimes called the Choi state of the channel [34], and
we use this terminology in what follows). Thus, when
applying this argument to bound the rates of secret-keyagreement protocols as discussed above, one must take
care with an appropriate limiting argument, as pointed
out in [53] and handled already in [13]. This teleportation simulation argument with an infinitely-squeezed
resource state is one of the core steps used to establish
the bounds in (1), (2), (6), and (8).
Recently, an important development in the theory of
the teleportation simulation of quantum Gaussian channels has taken place [26]. In particular, the authors of [26]
have shown that all single-mode, phase-insensitive quantum Gaussian channels other than the pure-loss channel can be simulated via the action of teleportation on a
finite-energy Gaussian resource state that has the same
amount of entanglement as the Choi state of the channel. In [26], the authors quantified the amount of entanglement in the resource state using an entanglement
monotone [54] called logarithmic negativity, which is the
same entanglement measure considered in [38]. In our
paper, we show how the main idea of their paper leads to
strengthened bounds on the performance of secret-keyagreement protocols conducted over single-mode phaseinsensitive bosonic Gaussian channels.
√ To describe the result of [26] in more detail, let X =
τ I2 and Y = yI2 be the matrices representing the action of a single-mode phase-insensitive Gaussian channel

(27)

The main contribution of [26] is that every single-mode
phase-insensitive Gaussian channel in the above class,
besides the pure-loss channel, can be simulated by the
action of a continuous-variable teleportation protocol on
a finite-energy, two-mode resource state with the same
amount of entanglement as the Choi state of the channel.
An additional contribution of [26] is a converse bound: it
is not possible to use a resource state with logarithmic
negativity smaller than that of the Choi state, in order
to simulate the channel. This follows directly from the
facts that the teleportation simulation protocol should
simulate the channel, teleportation is an LOCC, and logarithmic negativity is an entanglement monotone (it is
non-increasing with respect to an LOCC). This converse
bound holds, by the same argument, for all measures of
entanglement (such as relative entropy of entanglement).
In more detail, the teleportation simulation of [26] begins with the sender and receiver of the channel sharing a two-mode Gaussian state in the standard form in
(17). The sender mixes the input of the channel and
her share of the resource state on a 50-50 beam splitter.
The sender then performs ideal homodyne detection of
the position quadrature of the first mode and ideal homodyne detection of the momentum quadrature of the
second mode, leading to measurement outcomes Q+ and
P− . The sender communicates these real values over ideal
classical communication channels to the receiver, and the
receiver
performs
√
√ displacement operations of his mode by
g 2Q+ and g 2P− , for some g ∈ R. The result of all
of these operations is to implement a quantum Gaussian
channel of the following form on the input state:
X = gI2 ,


Y = g 2 a + 2gc + b I2 ,

(28)
(29)

where we note the different sign convention from [26,
Eq. (7)], due to our slightly different convention for the
standard form in (17). If g > 0, then the channel implemented is a single-mode phase-insensitive Gaussian channel with
τ = g2 ,

y = g 2 a + 2gc + b.

(30)

If g < 0, then one can postprocess the output according
to a unitary Gaussian channel with X = −I2 and Y = 0
(a phase flip channel), such that the overall channel is
a single-mode phase-insensitive Gaussian channel with τ
and y as in (30). A generalization of these steps beyond
two-mode states is given in [37].
Where [26] departs from prior works is to solve an inverse problem regarding teleportation simulation. Given
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values of τ and y corresponding to a physical channel
different from the pure-loss channel, the authors of [26]
proved that there exists a finite-energy, two-mode Gaussian state in standard form satisfying (30), having its
smaller symplectic eigenvalue equal to one, and having
its logarithmic negativity equal to that of the Choi state
of the channel. It should be stressed that the states found
in [26] have an analytical form, which has to do with the
form of the above constraints.

By the reasoning in [61] and Appendix C, we have the
following bound holding for faithful states ρ and σ such
that D(ρkσ), V (ρkσ), T (ρkσ) < ∞ and V (ρkσ) > 0:
ε
DH
(ρ⊗n kσ ⊗n ) ≤

nD(ρkσ) +

p

nV (ρkσ)Φ−1 (ε) + O(log n), (38)

where [57, 58]
X
2
3
T (ρkσ) =
|hψy |φx i| λx |log2 (λx /µy ) − D(ρkσ)| ,
x,y

C.

Information quantities and bounds for
secret-key-agreement protocols

(39)
and

The basic information quantities that we need in this
paper are the quantum relative entropy [55, 56], the relative entropy variance [57, 58], and the hypothesis testing
relative entropy [20, 59]. For two states ρ and σ defined
on a separable Hilbert space with the following spectral
decompositions:
X
ρ=
λx |φx ihφx |,
(31)
x

σ=

X

µy |ψy ihψy |,

(32)

y

the quantum relative entropy D(ρkσ) [56] and the relative entropy variance V (ρkσ) [57, 58] are defined as
X
2
D(ρkσ) =
|hψy |φx i| λx log2 (λx /µy ),
(33)
x,y

V (ρkσ) =

X

2

2

|hψy |φx i| λx [log2 (λx /µy ) − D(ρkσ)] .

x,y

 2
Z a
−x
1
dx exp
Φ(a) = √
2
2π −∞
−1
Φ (ε) = sup {a ∈ R | Φ(a) ≤ ε} .

D(ρkσ) = log2 (Z σ /Z ρ )/2 − Tr{∆V ρ }/4 ln 2,

(35)

where ∆ = Gρ − Gσ , and Ref. [60] established that
V (ρkσ) =

1
[Tr{∆V ρ ∆V ρ } + Tr{∆Ω∆Ω}] . (36)
8 ln2 2

In the above, we should note that our convention for
normalization of covariance matrices is what leads to the
different constant prefactors when compared to the expressions in [9, 41, 60].
The hypothesis testing relative entropy is defined as
[20, 59]
ε
DH
(ρkσ) =
− log2 inf {Tr{Λσ} : 0 ≤ Λ ≤ I ∧ Tr{Λρ} ≥ 1 − ε}
Λ

(37)

(41)

We note here that the finiteness of T (ρkσ) for finiteenergy, faithful Gaussian states is essential to the main
result of our paper. Inspecting the proof given in Appendix C, we see that the condition T (ρkσ) < ∞ allows
us to invoke the Berry-Esseen theorem [27, 28], which in
turn leads to the improved upper bound in (9).
The relative entropy of entanglement of a bipartite
state ρAB is defined as follows [62]:
ER (A; B)ρ =

inf

σAB ∈SEP(A:B)

D(ρAB kσAB ),

(42)

where SEP(A : B) denotes the set of separable (unentangled) states [63]. Analogously, we have the ε-relative
entropy of entanglement [64]:
ε
ER
(A; B)ρ =

(34)
For quantum Gaussian states, the quantities D(ρkσ)
[41], [9] and V (ρkσ) [60] can be expressed in terms of
their first and second moments. For simplicity, let us
suppose that ρ and σ are zero-mean quantum Gaussian
states. Then Refs. [41], [9] established that

(40)

inf

σAB ∈SEP(A:B)

ε
DH
(ρAB kσAB ).

(43)

For a two-mode Gaussian state ρAB in standard form,
0
to be in
one can always choose the separable state σAB
standard form with the same values for a and b but with
c chosen to saturate the inequality in (23), such that
c = csep [9]. By definition, for this suboptimal choice, we
have that
0
ER (A; B)ρ ≤ D(ρAB kσAB
),
ε
ε
0
ER (A; B)ρ ≤ DH (ρAB kσAB ),

(44)
(45)

and this is the choice made in [9, 13] to arrive at various upper bounds on secret-key-agreement capacity. In
0
what follows, we refer to D(ρAB kσAB
) as the suboptimal
relative entropy of entanglement of ρAB .
In [13, Eq. (4.34)], the following bound was established
on the non-asymptotic secret-key-agreement capacity of a
channel N that is teleportation simulable with associated
resource state ωAB :
1 ε ⊗n ⊗n
1 ε n n
E (A ; B )ω⊗n ≤ DH
(ωAB kσAB ).
n R
n
(46)
The argument for the first inequality critically relies upon
the connection between secret-key-agreement protocols
↔
PN
(n, ε) ≤

6
and private-state distillation protocols established in [65,
66] and some other results contained therein, in addition
to the teleportation reduction argument discussed in Section II B. The second inequality follows from the definition in (43), with σAB being an arbitrary separable state.
Thus, any resource state for the teleportation simulation
of a channel can be used to give an upper bound on its
non-asymptotic secret-key-agreement capacity. In particular, if ωAB and σAB are faithful quantum Gaussian
states of finite energy such that ωAB 6= σAB , then the
conditions D(ωAB kσAB ), V (ωAB kσAB ), T (ωAB kσAB ) <
∞ and V (ωAB kσAB ) > 0 hold, such that (38) applies
and we find that
r
↔
PN
(n, ε)

≤ D(ωAB kσAB ) +

V (ωAB kσAB ) −1
Φ (ε)
n

log n
. (47)
+O
n

The quantities D(ωAB kσAB ) and V (ωAB kσAB ) are finite for faithful quantum Gaussian states of finite energy, which holds by inspecting (35) and (36), and in
Appendix D, we argue that the quantity T (ωAB kσAB ) is
finite as well.
Note that both (6) and (9) can be derived from (46).
The point of deviation in the two derivations is that it
is possible, on the one hand, to invoke the Berry–Esseen
theorem [27, 28] in order to arrive at (9), due to the results of [26] and our arguments in Appendices C and D.
That is, [26] showed how to perform teleportation simulation of a single-mode phase-insensitive thermal bosonic
channel using a finite-energy resource state, and our Appendix D argues how T (ωAB kσAB ) is finite for finiteenergy Gaussian states. Thus, the Berry–Esseen theorem can be invoked as shown in Appendix C and so (38)
applies. On the other hand, for the derivation of (6), the
ideal infinite-energy Choi state of the channel is used as
the resource state, but it is not known if T (ωAB kσAB )
is finite in such a scenario. Hence, unless this is proven,
we cannot invoke (38). Therefore, other techniques, such
as the Chebyshev inequality, were used in [13] to arrive
at (6).

III.

METHODS

Given the background reviewed above, we are now in
a position to discuss the main contribution of our paper.
We modify the finite-energy teleportation simulation approach of [26] in the following way: Given a thermal channel with τ = η and y = (1 − η)(2NB + 1), we find a
finite-energy, two-mode Gaussian state in standard form
such that
1. it satisfies (30),
2. its smaller symplectic eigenvalue is just larger than
one, and

3. its suboptimal relative entropy of entanglement is
equal to the suboptimal relative entropy of entanglement of the Choi state of the channel, the latter
of which is given by (4).
Any resource state that simulates the channel should satisfy the first constraint. We impose the second constraint
to ensure that the state we find is a faithful Gaussian
state, such that its relative entropy and relative entropy
variance to a separable Gaussian state can be easily evaluated using the formulas in (35) and (36). As discussed
above, the relative entropy of entanglement of the resource state should at least be equal to that of the Choi
state, in order to simulate a channel. In order to ensure that we find a good upper bound on the secret-keyagreement capacity, we have imposed the third constraint
on suboptimal relative entropy of entanglement. We find
these states by numerically solving the above constraints
with the aid of a computer program [67], and we remark
that finding an analytical solution in this case appears
to be far more complicated than for the case from [26],
due to the fact that the suboptimal relative entropy of
entanglement is a much more complicated function of the
covariance matrix elements. In some cases, it is possible
to find multiple solutions for the states that satisfy these
constraints. For our purpose, any of these states can be
chosen. We also note that the flexibility afforded by having a teleportation simulation with negative gain g, as
discussed in Section II B, is critical for us to solve these
constraints by numerical search. With these finite-energy
states in hand, we then numerically compute the relative
entropy variance in (36) and can apply the bound in (47).

IV.

RESULTS

In Figure 1, we plot upper bounds on the asymptotic secret-key-agreement capacity of the thermal channel given by (4) (dashed line) and upper bounds on
the non-asymptotic secret-key-agreement capacity given
by (9) (solid line) versus the number of channel uses.
It is important to stress that the latter bound is only
an approximation (known as the normal approximation)
if n is not sufficiently large (i.e., n should be proportional to 1/ε2 in order for the bounds to really apply).
At the same time, many prior works have shown that
the normal approximation is an excellent approximation
for non-asymptotic capacities even for small n [21, 29–
32]. In each case, we choose the key-quality parameter
ε to be 10−10 , in accordance with the same conservative
value chosen in [68]. In the plots, we select η ∈ (0, 1),
(hence the corresponding distance L) and the thermal
mean photon number NB > 0 as indicated above each
figure. The distance L can be related to the transmissivity η of the thermal channel as η = exp[−L/L0 ], where
L0 is the fiber attenuation length [17]. In the plots, we
consider L0 = 22 km. The thermal mean photon number
NB relevant in experimental contexts, whenever thermal
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FIG. 1. The figures plot upper bounds on the non-asymptotic secret-key-agreement capacity of the thermal channels of
transmissivity η ∈ (0, 1) and thermal mean photon number NB > 0 given by the second-order approximation from (9). In
each figure, we select certain values of η (corresponding to a certain distance L via η = exp[−L/L0 ]) and NB , as indicated
below each figure. In all cases, we take the conservative value of ε = 10−10 as indicated in [68]. Each figure indicates that the
asymptotic secret-key-agreement capacity is too pessimistic of a benchmark for demonstrating a quantum repeater when using
the channel a finite number of times. That is, there is an appreciable difference between the asymptotic and non-asymptotic
secret-key-agreement capacity.

noise is due exclusively to dark counts, is given by the
dark counts per second times the integration period tint .
In the plots, the lowest NB we consider corresponds to a
dark count rate of 10 per second and tint = 30 ns [17, Section VI]. For completeness, we also consider higher values

of NB , which could occur due to excessive background
thermal radiation or tampering by an eavesdropper.
As noted in the introduction of our paper, these upper bounds can be interpreted to serve as benchmarks
for quantum repeaters [19]. That is, the upper bounds
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on secret-key-agreement capacity hold for any protocol
that uses the channel and LOCC but is not allowed to
use a quantum repeater. As such, exceeding these upper bounds constitutes a demonstration of a quantum
repeater [19]. What our results indicate is that the previous upper bounds from [9, 13] on the asymptotic secretkey-agreement capacity are too pessimistic of a benchmark for protocols that are only using the channel a finite
number of times. As such, the burden of demonstrating
a quantum repeater is now somewhat relieved in comparison to what was previously thought would be necessary.
From an experimental perspective, it could be of interest to perform a test using the results of our paper
in order to demonstrate a working quantum repeater. A
convincing approach for doing so would be to conduct
an actual secret-key-distillation protocol over some finite
number of uses of the channel and determine what secretkey rates can be achieved. [17, Section IV] details methods for determining secret-key rates that are achievable
in particular physical setups. For a given rate and number of channel uses, one can then compare the results
with our plots (or other plots generated via the same
method for different parameter values) to determine if
the rate is achieved is larger than the upper bounds in
our plots; if it is the case, then one can claim a working
quantum repeater, albeit with the understanding that
our upper bounds are the normal approximations of the
true finite-length upper bounds (as discussed previously).
This approach is to be contrasted with those that estimate the quantum bit-error rate from just a few channel
uses and then use this parameter to calculate an asymptotic key rate (see the review in [69] for discussions of
such approaches).

V.

CONCLUSION

In this paper, we showed how to extend the teleportation simulation method of [26] to the relative entropy of
entanglement measure. By combining with prior results
in [13] regarding non-asymptotic secret-key-agreement
capacity, this extension leads to improved bounds on
the non-asymptotic secret-key-agreement capacity of a
thermal bosonic channel, in certain parameter regimes.
Given that upper bounds on secret-key-agreement capacity have been advocated as a way to assess the performance of a quantum repeater, our results indicate that
previous bounds from [9, 13] are too pessimistic, and
it should be somewhat easier to demonstrate a working
quantum repeater in the realistic regime of a finite number of channel uses.
We remark that our approach can be extended to quantum amplifier channels, but we did not discuss these
channels in any detail because they appear to be most
prominently physically relevant in exotic relativistic communication scenarios [70–72]. Our approach also applies
to single-mode additive-noise Gaussian channels.
Going forward from here, it would be interesting to

generalize our results to multimode bosonic communication channels [48] or channels that are not phaseinsensitive. As discussed previously [11, 13, 18], it would
also be good to determine bounds on performance when
there is an average energy constraint at the input of each
channel use. One should expect to find improved upper
bounds due to this extra constraint.
Note: After our paper appeared on the arXiv, we became aware of a preprint [73] with related results.
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Appendix A: Little room for improving the strong
converse bound in (1)

Here we argue why we think it will not be possible
to improve upon the upper bound in (1), up to lowerorder terms. Before proceeding, recall that the conditional quantum entropy and conditional entropy variance
[58] are defined for a bipartite state ρAB as
H(A|B)ρ ≡ −D(ρAB kIA ⊗ ρB ),
V (A|B)ρ ≡ V (ρAB kIA ⊗ ρB ).

(A1)
(A2)

The coherent information is defined as I(AiB)ρ ≡
−H(A|B)ρ [74] and its corresponding variance is
V (AiB)ρ ≡ V (A|B)ρ . In [13, Section 6.2], the following achievability bound was established for N a finitedimensional channel:
r


ε (N )
log n
Vrev
↔
−1
Φ (ε) + O
PN (n, ε) ≥ Irev (N ) +
n
n
(A3)
where Irev (N ) is the following quantity [75, Section 5.3]
(sometimes called the channel’s reverse coherent information):
Irev (N ) ≡

max

|ψiAA0 ∈HAA0

I(BiA)θ ,

(A4)

ε
θAB ≡ NA0 →B (ψAA0 ), and Vrev
(N ) is the channel’s reverse conditional entropy variance:

minψAA0 ∈Πrev V (BiA)θ for ε < 1/2
ε
Vrev (N ) ≡
.
maxψAA0 ∈Πrev V (BiA)θ for ε ≥ 1/2
(A5)
The set Πrev ⊆ D(HAA0 ) is the set of all states achieving
the maximum in (A4).
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The inequality in (A3) follows from a one-shot coding
theorem [13, Proposition 21], followed by an expansion
of the hypothesis testing relative entropy as [57, 58]
ε
DH
(ρ⊗n kσ ⊗n ) ≥

nD(ρkσ) +

p

nV (ρkσ)Φ−1 (ε) + O(log n). (A6)

A critical step employed in the above expansion is the
Berry–Esseen theorem [27, 28]. Rather than employing the Berry–Esseen theorem, we can modify the proof
of Theorem 2 p
in [57] (therein instead picking Ln =
exp(nD(ρkσ) − nV (ρkσ)/ε)) to employ the Chebyshev
inequality and instead find the following expansion:
r
nV (ρkσ)
ε
⊗n
⊗n
DH (ρ kσ ) ≥ nD(ρkσ) −
.
(A7)
ε
For these theorems to hold in separable infinitedimensional Hilbert spaces, it remains to show how to
connect the coding theorem in [13, Proposition 21] to
the inequality in (A7), but we strongly suspect that this
should be possible. If everything holds, we would obtain the following achievability theorem for an infinitedimensional channel N :
r
 
ε (N )
Vrev
1
↔
PN (n, ε) ≥ Irev (N ) −
+O
.
(A8)
nε
n
The above would hold for all finite-energy two-mode,
squeezed vacuum states passed through the channel,
and one could then take a limit as the photon number approaches infinity. The term Irev (N ) converges to
− log2 (1−η) [9]. Below we show that the relative entropy
ε
(N ) term converges to zero. This would
variance Vrev
then give the following bound
 
1
↔
PLη (n, ε) ≥ − log2 (1 − η) + O
,
(A9)
n
leading us to our conclusion that there is little room for
improving the upper bound in (1). We stress that this
remains to be worked out in detail.
We now evaluate the variance for the reverse coherent
information when sending in a two-mode squeezed vacuum to a pure-loss channel of transmissivity η ∈ (0, 1).
Recall that the quantity of interest is
V (BiA)
2

= Tr{ρAB [log ρAB − log ρA ] }
2

− [H(AB)ρ − H(A)ρ ]

(A10)
(A11)

The first and last terms we can evaluate easily using the
following formula for the entropy variance of a thermal
state with mean photon number NS [76, Appendix A]:
 
2
1
V (NS ) = NS (NS + 1) log 1 +
.
NS

For the first, using the notion of purification, purifying
with ψABE , and observing that ψE is a thermal state
with mean photon number (1 − η) NS , we find that
2

Tr{ρAB [log ρAB ] } − H(AB)2ρ
2

= Tr{ψE [log ψE ] } − H(E)2ψ
 
= (1 − η) NS ((1 − η) NS + 1) log 1 +

2

2
 
1
. (A17)
= NS (NS + 1) log 1 +
NS
So it remains to handle the middle term. Consider that
Tr{ρAB log ρAB log ρA }
= Tr{ψABE log ρAB log ρA }
= Tr{ψABE log ψE log ρA }
= Tr{ψAE log ψE log ρA }.

2

(A12)

2

= Tr{ρAB [log ρAB ] } − H(AB)2ρ
− 2 [Tr{ρAB log ρAB log ρA } − H(A)ρ H(AB)ρ ]
2

+ Tr{ρA [log ρA ] } − H(A)2ρ .

(A13)

(A18)
(A19)
(A20)

Consider that we can write
ψE = [(1 − η) NS + 1]
ρA = [NS + 1]

−1

−1


1+

1
(1 − η) NS

−n̂E
, (A21)


−n̂A
1
1+
,
NS

(A22)

where n̂E and n̂A are the number operators. This means
that
Tr{ψAE log ψE log ρA }
(
"
= Tr ψAE log [(1 − η) NS + 1]
"

− [H(AB)ρ − H(A)ρ ]

1
(1 − η) NS
(A16)

Tr{ρA [log ρA ] } − H(A)2ρ

2

2

(A15)
2
.

For the last term, we observe that ρA is a thermal state
with mean photon number NS , which implies that

= Tr{ρAB [log ρAB ] }
− 2 Tr{ρAB log ρAB log ρA } + Tr{ρAB [log ρA ] }

(A14)

× log [NS + 1]
(

−1



1
1+
NS

−1


1+

−n̂A

"

1
(1 − η) NS
#)


= Tr ψAE log [(1 − η) NS + 1] 1 +
"



1
× log [NS + 1] 1 +
NS

−n̂E #

(A23)
1
(1 − η) NS

n̂E #

n̂A # )
(A24)
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implying that the last line above is equal to
= log [(1 − η) NS + 1] log [NS + 1]


1
Tr {ψAE n̂A }
+ log [[(1 − η) NS + 1]] log 1 +
n

∞
NS
X
1
NS
2


.
(A32)
(1 − η)
n
1
NS + 1 n=0
NS + 1
+ log 1 +
log [NS + 1] Tr {ψAE n̂E }
(1 − η) NS




1
1
+log 1 +
log 1 +
Tr {ψAE (n̂A ⊗ n̂E )}
This is then equal to the second moment of a geometric
(1 − η) NS
NS
random variable with parameter p = 1/ (NS + 1), so that
(A25)
= log [(1 − η) NS + 1] log [NS + 1]


1
+ NS log [[(1 − η) NS + 1]] log 1 +
NS


1
+ (1 − η) NS log 1 +
log [NS + 1]
(1 − η) NS




1
1
+ log 1 +
log 1 +
×
(1 − η) NS
NS
Tr {ψAE (n̂A ⊗ n̂E )} . (A26)
We note that the third equality follows by applying the
identity log(abx̂ ) = log(a) + x̂ log(b) for positive scalars a
and b and a positive operator x̂. So we need to evaluate
the term Tr {ψAE (n̂A ⊗ n̂E )}. Consider that sending a
number state |nihn| through a beamsplitter of transmissivity 1 − η leads to the following transformation:
n  
X
n
k
|nihn|A0 →
(1 − η) η n−k |kihk|E .
(A27)
k
k=0

The two-mode squeezed vacuum at the input has the following form:
s
n
∞
X
NS
1
√
|niA |niA0 .
(A28)
NS + 1
NS + 1 n=0
However since we are evaluating Tr {ψAE (n̂A ⊗ n̂E )},
and n̂A and n̂E are diagonal in the number basis, this
is equivalent to the following:
n  
n 
∞ X
X
1
NS
n
k
(1 − η) η n−k ×
NS + 1 n=0
NS + 1
k
k=0

Tr{(|nihn|A ⊗ |kihk|) (n̂A ⊗ n̂E )}
n  
∞ X
n 
X
1
NS
n
k
=
(1 − η) η n−k nk
NS + 1 n=0
NS + 1
k

n

∞
X
1
NS
n2
NS + 1 n=0
NS + 1

= (1 − η) NS (NS + 1) + NS2

(A33)

= (1 − η) NS (2NS + 1) .

(A34)

(1 − η)

Plugging into the above, we find the reduction
= log [(1 − η) NS + 1] log [NS + 1]


1
+ NS log [[(1 − η) NS + 1]] log 1 +
NS


1
+ (1 − η) NS log 1 +
log [NS + 1]
(1 − η) NS




1
1
+(1 − η) NS (2NS + 1) log 1 +
log 1 +
.
(1 − η) NS
NS
(A35)
From this we should subtract the following quantity
H(A)ρ H(AB)ρ
= g(NS )g((1 − η) NS )
(A36)
= [(NS + 1) log (NS + 1) − NS log NS ] ×


((1 − η) NS + 1) log ((1 − η) NS + 1)
(A37)
− (1 − η) NS log (1 − η) NS




1
+ log (NS + 1) ×
= NS log 1 +
NS




1
+ log ((1 − η) NS + 1)
(1 − η) NS log 1 +
(1 − η) NS
(A38)

k=0

=

∞
X

1
n
NS + 1 n=0



(A29)
n X
n  
NS
n
k
(1 − η) η n−k k.
NS + 1
k
k=0

(A30)

Pn
k
Consider that the expression k=0 nk (1 − η) η n−k k is
equal to the mean of a binomial random variable with
parameter 1 − η, and so
n  
X
n
k
(1 − η) η n−k k = n (1 − η) ,
(A31)
k
k=0



1
= (1 −
log 1 +
(1 − η) NS


1
+ (1 − η) NS log (NS + 1) log 1 +
(1 − η) NS


1
+ NS log 1 +
log ((1 − η) NS + 1)
NS
+ log (NS + 1) log ((1 − η) NS + 1) , (A39)
η) NS2



1
log 1 +
NS
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equality. This follows because for any measurement operator Λ such that Tr{Λρ} > 1 − ε, we can modify
Tr{ρAB log ρAB log ρA } − H(A)ρ H(AB)ρ
it by scaling it by a positive number λ ∈ (0, 1) such


 that Tr{(λΛ) ρ} = 1 − ε. The new operator λΛ is a

1
1
log 1 +
= (1 − η) NS (2NS + 1) log 1 +
(1 − η) NS
NS legitimate measurement operator and the error probability Tr{(λΛ)σ} only decreases under this scaling (i.e.,




1
1
2
Tr{(λΛ)σ} < Tr{Λσ}), which allows us to conclude
− (1 − η) NS log 1 +
log 1 +
NS
(1 − η) NS
(B2). Now for any measurement operator Λ such that
(A40)
Tr{Λρ} = 1 − ε, the monotonicity of quantum relative




entropy [77] with respect to quantum channels implies
1
1
log 1 +
. that
= (1 − η) NS (NS + 1) log 1 +
(1 − η) NS
NS
(A41)
D(ρkσ)
≥ D({1 − ε, ε}k{Tr{Λσ}, 1 − Tr{Λσ}})
(B3)
Putting everything together, we find that the variance of




1−ε
ε
the reverse coherent information is given by
= (1 − ε) log2
+ ε log2
Tr{Λσ}
1 − Tr{Λσ}
 
2
(B4)
1
(1 − η) NS ((1 − η) NS + 1) log 1 +
= − (1 − ε) log2 Tr{Λσ} − h2 (ε)
(1 − η) NS






1
1
1
−2 (1 − η) NS (NS + 1) log 1 +
log 1 +
(B5)
+ ε log2
(1 − η) NS
NS
1 − Tr{Λσ}
 
2
≥ − (1 − ε) log2 Tr{Λσ} − h2 (ε).
(B6)
1
+ NS (NS + 1) log 1 +
. (A42)
NS
Rewriting this gives
leading to

For large NS , we have that ((1 − η) NS + 1) ≈ (1 − η) NS
and (NS + 1) ≈ NS , so that the above reduces to

− log Tr{Λσ} ≤

1
[D(ρkσ) + h2 (ε)] .
1−ε

(B7)

2 Since this bound holds for all measurement operators Λ
1
− NS log 1 +
,satisfying Tr{Λρ} = 1 − ε, we can conclude (B1).
NS
To conclude the desired weak-converse bounds, we
(A43)
then invoke the above and [13, Eq. (4.34)] to get that
which converges to zero as NS → ∞.
the following bound holds for any teleportation simulable channel with associated resource state ωAB :




1
≈ (1 − η) NS log 1 +
(1 − η) NS





Here we argue for the weak-converse bounds given
in (2) and (8), and even more general weak-converse
bounds. The weak-converse bounds are a direct consequence of the bounds in [13] and [20, Eq. (2)] (see also
[21, Eq. (134)]).
First, recall from [20, Eq. (2)] and [21, Eq. (134)] that
the following bound holds for hypothesis testing relative
entropy for ε ∈ (0, 1):
ε
DH
(ρkσ) ≤

1
[D(ρkσ) + h2 (ε)] .
1−ε

To see this, consider that the definition of
be further constrained as

1 ε n n
E (A ; B )ω⊗n
(B8)
n R
1
≤
[ER (An ; B n )ω⊗n + h2 (ε)] (B9)
n(1 − ε)


1
h2 (ε)
≤
ER (A; B)ω +
.
(B10)
(1 − ε)
n

↔
PN
(n, ε) ≤

Appendix B: Weak converse bounds for
secret-key-agreement capacities

If the channel requires an infinite-energy resource state
to become teleportation simulable, then one must take
care as in the case of the proofs in [13, Section 8], and
then one finally arrives at the weak-converse bounds in
(2) and (8).

(B1)

ε
DH
(ρkσ)

can

ε
DH
(ρkσ)

=
− log2 inf {Tr{Λσ} : 0 ≤ Λ ≤ I ∧ Tr{Λρ} = 1 − ε}.
Λ

(B2)
That is, it suffices to optimize over measurement operators that meet the constraint Tr{Λρ} ≥ 1 − ε with

Appendix C: Asymptotic equipartition property for
hypothesis testing relative entropy

In this appendix, we prove that the inequality in (38)
holds whenever the states ρ and σ involved act on a separable Hilbert space. Here we take the convention, for
convenience, that all logarithms are with respect to the
natural base, but we note that the bound (C3) applies
equally well for the binary logarithm just by rescaling.
The following proposition is available as [78, Eq. (6.5)]
and restated as [61, Corollary 2]:
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Proposition 1 ([78, Eq. (6.5)]) Let ρ and σ be faithful states acting on a separable Hilbert space H, let Λ
be a measurement operator acting on H and such that
0 ≤ Λ ≤ I, and let v, θ ∈ R. Then
e−θ
Pr{X ≤ v},
1 + ev−θ
(C1)
where X is a random variable taking values log(λx /µy )
2
with probability |hψy |φx i| λx , where these quantities are
defined in (31) and (32).
e−θ Tr{(I − Λ)ρ} + Tr{Λσ} ≥

The following proposition is based on ideas given
in [61]:
Proposition 2 Let ρ and σ be faithful states acting on
a separable Hilbert space H, such that
D(ρkσ), V (ρkσ), T (ρkσ) < ∞,
V (ρkσ) > 0.

(C2)

Then the following bound holds for all ε ∈ (0, 1) and
sufficiently large n:
ε
DH
(ρ⊗n kσ ⊗n ) ≤

nD(ρkσ) +

p
nV (ρkσ)Φ−1 (ε) + O(log n).

(C3)

Proof. We follow the justification for Theorem 3 given
in [61] closely, but we do make some slight changes after
the first few steps. Let Λn be any measurement operator satisfying Tr{(I ⊗n − Λn ) ρ⊗n } ≤ ε. By applying the
above proposition (making the replacements ρ → ρ⊗n
and σ → σ ⊗n , so that Xn is a sum of n i.i.d. random
variables, each having mean D(ρkσ), variance V (ρkσ),
and third absolute central moment T (ρkσ)), we find that
Tr{Λn σ ⊗n }


Pr{Xn ≤ vn }
n ⊗n
−θn
≥e
− Tr{(I − Λ )ρ }
1 + evn −θn


Pr{Xn ≤ vn }
−θn
≥e
−ε .
1 + evn −θn

(C4)

where
C T (ρkσ)
[V (ρkσ)]3/2

Now choosing θn = vn +

1
2

log n, we get that

Tr{Λn σ ⊗n } ≥
h
i
√
−1
−1/2
)− 12 log n
e−nD(ρkσ)− nV (ρkσ)Φ (ε+(2+Kρ,σ )n
×


1
, (C10)
1 + n−1/2
so that the following inequality holds for sufficiently
large n:
− log Tr{Λn σ ⊗n } ≤
p
nD(ρkσ) + nV (ρkσ)Φ−1 (ε) + O(log n). (C11)
In the last line, we have invoked [58, Footnote 6], which
in turn is an invocation of Taylor’s theorem: for f continuously differentiable, c a positive constant, and n ≥ n0 ,
the following equality holds
√
√
√
nf (x + c/ n) = nf (x) + cf 0 (a)
(C12)
√
for some a ∈ [x, x + c/ n0 ].
Appendix D: Finiteness of the third absolute central
moment of the log likelihood ratio for quantum
Gaussian states

We argue in this final appendix that T (ρkσ), the third
absolute central moment of the log-likelihood ratio of two
finite-energy, zero-mean Gaussian states ρ and σ, is finite.
By definition, we have that
X
2
3
T (ρkσ) =
|hψy |φx i| λx |log2 (λx /µy ) − D(ρkσ)| ,
x,y

(C5)

The Berry–Esseen theorem [27, 28] implies for any real
number a that
)
(
Xn − nD(ρkσ)
p
≤ a ≥ Φ(a) − Kρ,σ n−1/2 , (C6)
Pr
nV (ρkσ)

Kρ,σ ≡

and note that we require sufficiently large n here, so that
the argument to Φ−1 is ∈ (0, 1). We then find that


ε + 2n−1/2
Tr{Λn σ ⊗n } ≥ e−θn
−
ε
.
(C9)
1 + evn −θn

(C7)

and C ∈ (0, 0.4748) [27, 28]. It is clear that Kρ,σ is a
strictly positive constant > C due to the assumption in
(C2) and the fact that T (ρkσ) ≥ [V (ρkσ)]3/2 [28]. Let us
set
vn = nD(ρkσ)+
p
nV (ρkσ)Φ−1 (ε + (2 + Kρ,σ )n−1/2 ), (C8)

(D1)
where the spectral decompositions of ρ and σ are given
by
X
X
ρ=
λx |φx ihφx |,
σ=
µy |ψy ihψy |.
(D2)
x

y

By concavity of x3/4 for x ≥ 0, it follows that
T (ρkσ)
h
i3/4
X
2
4
=
|hψy |φx i| λx |log2 (λx /µy ) − D(ρkσ)|
x,y

#3/4

"
≤

X

2

4

|hψy |φx i| λx |log2 (λx /µy ) − D(ρkσ)|

x,y

=

"
X

#3/4
2

|hψy |φx i| λx (log2 (λx /µy ) − D(ρkσ))

4

,

x,y

(D3)
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and so we aim to show that this latter quantity is finite. For zero-mean, m-mode faithful Gaussian states,
the Williamson theorem [40] implies that their spectral
decompositions are as follows:
!
m
O
i
ρ = Uρ
θ(Nρ ) Uρ† ,
(D4)
i=1
m
O

σ = Uσ

!
θ(Nσi ) Uσ† ,

(D5)

Since V is a Gaussian unitary generated by a Hamiltonian no more than quadratic in the position and
momentum-quadrature operators [34], each V † n̂i V is a
bounded linear combination of position and momentumk
Pm
†
is as well
quadrature operators and so
i=1 V n̂i V
since k is finite. Given that the photon number states
have bounded moments, we can conclude that (D7) is
finite. The eigenvalues λx and µy in this case are given
by

i=1

where Uρ and Uσ denote Gaussian unitaries that can
be generated by a Hamiltonian no more than quadratic
in the position- and momentum-quadrature operators,
Nρi , Nσi > 0 for all i, and θ(N ) denotes a thermal state
of mean photon number N :
n
∞ 
N
1 X
|nihn|,
θ(N ) =
N + 1 n=0 N + 1

(D6)

with |ni denoting a photonic number state. Introducing
the multi-index notation |~ni = |n1 i · · · |nm i, we can then
2
2
write the overlap |hψy |φx i| as h~l|U † Uρ |~ni . This condi-

m
Y

"

i=1
"
m
Y
i=1

1
i
Nρ + 1
1
Nσi + 1



Nρi
Nρi + 1

!ni #

Nσi
Nσi + 1

li #

,

(D8)

,

(D9)

and indexed by the multi-indices ~n and ~l, respectively.
The distribution in (D8) has well defined (finite) higher
moments with respect to photon number because it is a
product of geometric distributions. We can then write
log2 (λx /µy ) = log2 (λx ) − log2 (µy ) as

σ

tional probability distribution represents the probability
of detecting the photon numbers ~l if the photon number state |~ni is prepared and transmitted through the
Gaussian unitary Uσ† Uρ ≡ V . This distribution has well
defined (finite) higher moments with respect to photon
number. Setting n̂i to be the photon number operator for
the ith mode, this claim follows because the kth moment
2
of the conditional probability distribution h~l|U † Uρ |~ni

m
X
i=1


log2

Nσi + 1
Nρi + 1



!
Nρi
+ ni log2
Nρi + 1


Nσi
. (D10)
− li log2
Nσi + 1

σ

is given by

Tr





V |~nih~n|V †

m
X

n̂i

i=1

= Tr





!k 



|~nih~n|

m
X
i=1

V † n̂i V

!k 


. (D7)
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[37] Michael M. Wolf, David Pérez-Garcı́a, and Geza Giedke.
Quantum capacities of bosonic channels. Physical Review Letters, 98(13):130501, March 2007. arXiv:quantph/0606132.
[38] Julien Niset, Jaromı́r Fiurasek, and Nicolas J. Cerf.
No-go theorem for Gaussian quantum error correction.
Physical Review Letters, 102(12):120501, March 2009.
arXiv:0811.3128.
[39] Alexander Müller-Hermes. Transposition in quantum information theory. Master’s thesis, Technical University
of Munich, September 2012.

15
[40] John Williamson. On the algebraic problem concerning
the normal forms of linear dynamical systems. American
Journal of Mathematics, 58(1):141–163, January 1936.
[41] Xiao-yu Chen. Gaussian relative entropy of entanglement. Physical Review A, 71(6):062320, June 2005.
arXiv:quant-ph/0402109.
[42] Ole Krueger.
Quantum Information Theory with
Gaussian Systems.
PhD thesis, Technische Universität Braunschweig, April 2006.
Available at
https://publikationsserver.tu-braunschweig.de/
receive/dbbs_mods_00020741.
[43] Alexander S. Holevo. The entropy gain of infinitedimensional quantum channels. Doklady Mathematics,
82(2):730–731, October 2010. arXiv:1003.5765.
[44] Lu-Ming Duan, G. Giedke, J. I. Cirac, and P. Zoller.
Inseparability criterion for continuous variable systems.
Physical Review Letters, 84(12):2722–2725, March 2000.
arXiv:quant-ph/9908056.
[45] R. Simon. Peres-Horodecki separability criterion for
continuous variable systems. Physical Review Letters,
84(12):2726–2729, March 2000. arXiv:quant-ph/9909044.
[46] Alessio Serafini, Fabrizio Illuminati, and Silvio De Siena.
Symplectic invariants, entropic measures and correlations of gaussian states. Journal of Physics B: Atomic,
Molecular and Optical Physics, 37(2):L21, January 2004.
arXiv:quant-ph/0307073.
[47] Gerardo Adesso and Fabrizio Illuminati.
Gaussian
measures of entanglement versus negativities: Ordering of two-mode Gaussian states. Physical Review A,
72(3):032334, September 2005. arXiv:quant-ph/0506124.
[48] Filippo Caruso, Jens Eisert, Vittorio Giovannetti, and
Alexander S. Holevo. Multi-mode bosonic Gaussian channels. New Journal of Physics, 10:083030, August 2008.
arXiv:0804.0511.
[49] Charles H. Bennett, Gilles Brassard, Claude Crépeau,
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[56] Göran Lindblad.
Entropy, information and quantum measurements. Communications in Mathematical
Physics, 33(4):305–322, December 1973.
[57] Ke Li. Second order asymptotics for quantum hypothesis
testing. Annals of Statistics, 42(1):171–189, February
2014. arXiv:1208.1400.

[58] Marco Tomamichel and Masahito Hayashi. A hierarchy of
information quantities for finite block length analysis of
quantum tasks. IEEE Transactions on Information Theory, 59(11):7693–7710, November 2013. arXiv:1208.1478.
[59] Francesco Buscemi and Nilanjana Datta. The quantum
capacity of channels with arbitrarily correlated noise.
IEEE Transactions on Information Theory, 56(3):1447–
1460, March 2010. arXiv:0902.0158.
[60] Mark M. Wilde, Marco Tomamichel, Seth Lloyd, and
Mario Berta. Gaussian hypothesis testing and quantum
illumination. Physical Review Letters, 119(12):120501,
September 2017. arXiv:1608.06991.
[61] Nilanjana Datta, Yan Pautrat, and Cambyse Rouzé.
Second-order asymptotics for quantum hypothesis testing in settings beyond i.i.d. - quantum lattice systems and
more. Journal of Mathematical Physics, 57(6):062207,
June 2016. arXiv:1510.04682.
[62] Vlatko Vedral and Martin B. Plenio. Entanglement measures and purification procedures. Physical Review A,
57(3):1619–1633, March 1998. arXiv:quant-ph/9707035.
[63] Reinhard F. Werner. Quantum states with EinsteinPodolsky-Rosen correlations admitting a hidden-variable
model. Physical Review A, 40(8):4277–4281, October
1989.
[64] Fernando G. S. L. Brandao and Nilanjana Datta. Oneshot rates for entanglement manipulation under nonentangling maps. IEEE Transactions on Information
Theory, 57(3):1754–1760, March 2011. arXiv:0905.2673.
[65] Karol Horodecki, Michal Horodecki, Pawel Horodecki,
and Jonathan Oppenheim. Secure key from bound entanglement. Physical Review Letters, 94(16):160502, April
2005. arXiv:quant-ph/0309110.
[66] Karol Horodecki, Michal Horodecki, Pawel Horodecki,
and Jonathan Oppenheim. General paradigm for distilling classical key from quantum states. IEEE Transactions on Information Theory, 55(4):1898–1929, April
2009. arXiv:quant-ph/0506189.
[67] Mathematica files are available in the source files of our
arXiv post.
[68] Marco Tomamichel, Charles Ci Wen Lim, Nicolas Gisin,
and Renato Renner. Tight finite-key analysis for quantum cryptography. Nature Communications, 3:634, January 2012. arXiv:1103.4130.
[69] Valerio Scarani, Helle Bechmann-Pasquinucci, Nicolas J. Cerf, Miloslav Dušek, Norbert Lütkenhaus, and
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